Ahlfors-Weill extensions in several complex variables

MARTIN CHUAQUI AND RODRIGO HERNANDEZ

ABSTRACT. We derive an Ahlfors-Weill type extension for a class of holomorphic
mappings defined in the ball B™, generalizing the formula for Nehari mappings
in the disk. The class of mappings holomorphic in the ball is defined in terms
of the Schwarzian operator. Convexity relative to the Bergman metric plays an
essential role, as well as the concept of a weakly linearly convex domain. The
extension outside the ball takes values in the projective dual to C™, that is, in
the set of complex hyperplanes.

1. INTRODUCTION

The purpose of this paper is to obtain an explicit extension to C" for a class
of biholomorphic mappings F' defined in the unit ball B", which parallels the
Ahlfors-Weill construction derived for certain univalent mappings of the disk [2].
The analysis adapts to several variables the notion of conformal barycenter used
in [6], and leads to an extension Ep of F' that assumes values in the projective
dual to C". More precisely, for |z| > 1, Ep(z) is a certain complex hyperplane
disjoint from the closure F'(B™), and the extension is a “homeomorphism” in the
sense that Fr(z) depends in a continuous and injective way on z. Moreover, Er(2)

approaches a support hyperplane of F(B") as |z| — 17, while Er(z) leaves any
compact subset as |z| — 0o. As a consequence of the analysis, F'(B") is shown to
be weakly linearly convex, that is, a domain disjoint from a complex hyperplane
containing any given point on the boundary (see, e.g., [15], [3]). One can con-
sequently visualize the extension as gluing F'(B") to a complementary domain in
the projective dual through the matching of a boundary point with a supporting
complex hyperplane.

The classes of mappings F' considered in this paper are defined in terms of the
Schwarzian derivative, and in our setting we appeal to the work of T. Oda for a
generalization of the classical operator in one variable. The full extent of our results
require the assumption of quasiregularity in addition to a Schwarzian bound. The
hypothesis of quasiregularity appears also in other related extensions in several
variables, such as the use of Loewner chains for the generalization of the Becker
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univalence crietrion or for extending other classes of holomorphic mappings (see
[27] and, e.g., [11], [12]).

The higher dimensional Schwarzian splits into differential operators SF and Sy F
of order two and three, respectively, a feature that is also present in other formu-
lations of this operator in several variables (see, e.g., [18], [19], [21]). The second
author has developed important properties of Oda’s Schwarzian, in particular, in
connection with invariance and injectivity criteria [13], [14]. Our work relies in
a significant way on the behavior of a real valued function (density function) as-
sociated in a canonical way with a locally biholomorphic mapping. The density
function becomes convex relative to the Bergman metric once adequate bounds on
the Schwarzian are in force. For holomorphic mappings of one complex variable,
the real valued function is simply the square root of the Poincaré density of the
image domain. The treatment in several variables must deal with technical diffi-
culties absent in one variable, and which arise from first order derivatives in the
linear system associated with the Schwarzian. These terms can be controlled by
the (trace) order of the family F,, (see Definition 2.4 ahead), and indirectly, by the
norm of the Schwarzian.

Throughout the paper we consider Mobius shifts of a mapping F' = (f1,..., fa)
of the form

ToF = (L(F)/lo(F),....I(F)/lo(F)) , Li(F) = aio+anfi+ -+ anfn.

The appearance of the hypersurfaces of singularities lo(F) = 0 within the ball
destroys the order of the family, and we are forced to modify the density function
and analyze its behavior regarding convexity away from the hypersurfaces.

As a byproduct of the analysis on convexity, we are able to establish an injec-
tivity criterion solely in terms of SF'. This is more satisfactory than the condition
derived in [14] that requires an additional bound on SpF'. Convexity also renders
distortion theorems for appropriately normalized mappings in the classes treated,
with estimates on the jacobian that are better than those obtained from the order
of the family [28].

In [7], we adapt the variational method introduced in [29] to estimate the order
of the family F, in terms of o and the dimension n. As a consequence, we are able
to provide, in terms of n, a range for the Schwarzian norm that ensures convexity,
and later on, univalence and extensions.

In Section 2 of the paper we present the definition and basic properties of the
Schwarzian derivative in several variables, including the important Lemma 2.1
never stated in the work of Oda. In Section 3, we introduce both the density
and the modified density function, together with the results regarding convexity.
The analysis renders Theorem 3.9, which states that for ay < cn‘g, ¢ an absolute
constant, then functions in F,, are univalent in B".
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In Section 4 we collect several results on the jacobian, distortion and conti-
nuity up to the boundary that are obtained from convexity and quasiregularity.
Quasiregular mappings in the class F,, extend continuously to B and remain uni-
valent there. We also lay out the important process of normalization on which the
method of conformal barycenter is based. In particular, we show that for F' € F,,
and every zy € B™ the image F'(B") omits a certain hyperplane H(z). This hy-
perplane represents the conformal barycenter of F' relative to zy, and reduces to
a single point when n = 1. The explicit formula for H(zy) is consistent with the
expression for the Ahlfors-Weill extension when n = 1. When F' € F,, is quasireg-
ular, then F(B") N H(z) = 0, while H(zo) approaches a hyperplane of support of
F(B"™) as |z9| — 1. From this, the images are shown to be weakly linearly convex.
With the notation z* = z/|z|? we obatin in Theorem 5.1 the extension

F(z) , |2 <1
H(z*) , |z|>1

which glues F(B") with a complementary domain in the projective dual of C".

2. PRELIMINARIES

Let F: Q C C* — C" be a locally biholomorphic mapping defined on a domain
Q2. In [25] T.Oda defined a family of Schwarzian derivatives of F' = (f1,..., f,) as

- 82fl 8Zk 1 0 0
ko ok k4 g5k
(2.1) S 12:1: 02;0z; 0fi n+1 (61 0z, +9; (%i)

where 4,5,k =1,2,...,n, JF = det(DF) is the jacobian determinant of the difer-
ential DF and ¥ are the Kronecker symbols. For n > 1 the Schwarzian derivatives
have the following properties:

k _ .. _ . o
(2.2) S =0 forall 4,j,k=12,....,n iff F(z)=M(z),

for some Mobius transformation

6= (i)

where [;(2) = a0 + anz1 + - - - + @in2, with det(a;;) # 0. For a composition

ow; Ow,y, %

k — Gk r
(23)  SE(GoF)(2)=SEF(z) + ) SpG(w) 0z 0z Ow,

Im,r=1

w=F(z).
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Thus, if G is a Mobius transformation then S, (GoF)) = S F. The S F coefficients
are given by

n

0? 0
0 1/(n+1) 1/(n+1) _ 1/(n+1) gk
SOF(2) = (JF) ( 52 ) § : 5o UF) SUF(z)> .

One can recover a mapping from its Schwarzian components. Consider the
following overdetermined system of partial differential equations,

(2.4) Ou _Z":Pk()a +PY(2)u, ij=12,....n
. aziazj_k:1 (92 J = L4y, )

where z = (21, 22, ..., z,) € Q and PJ(z) are holomorphic functions in Q, for k =
0,...,nand i,j =1,...,n. The system (2.4) is called completely integrable if there
are n+ 1 (maximum) linearly independent solutions, and is said to be in canonical
form (see [31]) if the coefficients satisfy

Y Pi(z)=0, i=12..n.
j=1

Oda proved that (2.4) is a completely integrable system in canonical form if and
only if P = Sk F for a locally boholomorphic mapping F' = (fi,..., f,), where
fi=w;/ uo for 1 S 1 < nand ug,uy,...,u, is a set of linearly independent solutions
of the system. A simple corollary of this is that F' fails to be univalent in € iff there
exists a set uy,...,u, of linearly independent solutions of (2.4) with Pf; = SZ»F
which vanish at two distinct points in  [14]. For a given mapping F, uy =
(JF )_ﬁ is always a solution of (2.4) with P}y = SEF. The following result not
stated in the work of Oda will be important in the rest of the paper.

Lemma 2.1. Let u be a solution of a completely integrable system of the form (2.4)
with PZ’; = SZ-F for some locally biholomorphic mapping F' defined in ). Then there

exists a Mobius transformation T such that u = (L]G)_n%r1 forG=ToF.

Proof. We write F' = (uy/ug, ..., u,/up) for n + 1 linearly independent solutions
Uos Ut -+ -y Of (2.4) with wp = (JF) #1. Then u = boug + bitr + -+ - + bntin
for some unique constants b;. A simple calculation shows that (JT' )_n%l = ap +
ajwy + -+ + apw, = lp(w) whenever T' is a Mdbius transformation of the form

(w1 /lp(w), ..., w,/lo(w)). Then

(J(To F))™mi = (JT(F)) m(JF)
= (a0t arfi+ -+ anfu)uo
- a0u0+a1u1+"'+anun7
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hence it suffices to choose T with the property that (JT)_#1 = bo+biz1+ - -+by2,.
Note that the zero set of u is given by the hypersurface ag +ay f1 + -+ a,fn =0,
that is, exactly the set where G becomes singular. [

Remark: We will say that the Mobius transformation 7" as in the Lemma 2.1 is
an inversion with respect to the hyperplane lo(w) = 0.

We recall the following definitions from [13], where the individual Schwarzians
Sij are grouped together as an operator.

Definition 2.2. For each k = 1,...,n we let S*F be the n x n matrix
k o k ..
S'F = (S;F), i,j=1,...,n.

Definition 2.3. We define the Schwarzian derivative operator as the bilinear map-
ping SF(z) : 7.2 — T.Q given by

SF(2)(0) = (0'S'F(2)7, U'S°F(2)7, ..., 0'S"F(2)7) ,
where v € T,).

The operator SF(z) inherits a norm from the metric in 7,:

(2.5) ISF(2)]| = Sup ISE)(@)]

7ll=1
and finally, we let
(2.6) ISF] =Sl€1£||3F(Z)I|-

Our interest is to study certain classes of locally biholomorphic mappings F
defined in the unit ball B”. The Bergman metric gg on B" is the hermitian product
defined by

n+1 9 _
(2.7) 9i(2) = SRR (1= [21%)di; + ziz;] -
Is well known that the automorphism group of the ball are the transformations
given by

(2) Az+ B
0(z) = ——
Cz+D’

where Aisn xn, Bisnx1,Cis1xnand D is 1 x 1 with

AtA-C'C = U,

D> - B'B = 1,

A'B—-C'D = 0,

and that such automorphisms are isometries in the Bergman metric (see, e.g., [17]).
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As a consequence of this and of the chain rule (2.3), it was shown in [13] that
IS(F oa)(2)[ = [SF(a ()
and hence
(2.8) ISE| = IS(F o o)l

More generally, the Schwarzian norm is preserved under Mdbius maps between
domains, that is, if o is Mobius and Qy = () then ||SF|2 = ||S(F o o)1
whenever F' is locally biholomorphic in €25.

Definition 2.4. We define the class F,, as
Fo={F:B" = C"| F locally biholomorphic, F(0) =0, DF(0) =1d, |SF| <a}.

In light of (2.8), F, is a linearly invariant family, which is also compact [13].
The order of a linearly invariant family is defined by

1
(2.9) sup sup —
FEFy |w=1 2

n 82 fj
— 02,07

(0)w;

)

which is finite for compact linearly invariant families (see, e.g., [28]).

3. CONVEXITY AND UNIVALENCE

Let F' € F,, and consider a solution u of the integrable system

(3.1)

ZSkF——f—SOFU ii=1,2,....n.

8ZZaZJ

We define

[u(2)

M(2) = ——F—.
(2) T—oF

The function A, is well-defined and real analytic away from the zero set of wu.
According to Lemma 2.1, a nowhere vanishing solution of the system is of the

form v = (JF )_n%l for some F' € F,; the corresponding function A, will be
denoted by Ap.

Lemma 3.1. Let o be an automorphism of B™ and F' € F,. Then
AFooc = AF OO .
Proof. We have that
Aroo(2) = [T(F o 0)(2)[ /" (1= |27) 72,



n+1
1— 2\ 2
but |Jo(z)| = (M> , therefore

1—z?

o) 2 T2
Aron(2) = [JF (o)) (%) (1= o212 = Ap(o(2))

Since F, is a compact family, it has finite order, or equivalently,
A, = sup |V(JF)(0)| < 0.

For the equivalence of the above with the definition given in (2.9), see [13].

Lemma 3.2. Let F' € F, and suppose u is a solution of the completely inte-
grable system (2.4) with Pk = SkF If uw # 0 in B™ then the function ¢(x) =
|u(z,0,...,0)| satisfies

S0//(1’) + ﬁgp(z) >0,

with

d=vn+1(As+ 1)a+C(n,a),
where A, is the order of F, and

1 Vi 1
C(n,a) = (4n +2n—2—|—;)0¢2+<4\/n+1+8 nn—i— )a

1 -1

Proof. By Lemma 2.1, there exists a function F' € F, such that u = (JF)~V/"+1,
Since F, ia a compact family it has finite order

A, = sup |Vlog(JF)(0)] < o0.
FeFq

(For the equivalence of the above with the definition given in (2.9), see [13].) Let
o be an automorphism of B", G = [DF(¢)]"'[Do(0)]*(F o o(z) — F(¢)) where
0(0) =¢. Thus G € F, and v = (JG)"Y/"*! =4 - (Jo) /" =4 - w, and
JF(()Jo(0)Vu(z) = Vu(o(z))Do(2)w(z) + u(o(2))Vw(z) .
At z = 0, we have that
Vv Vw
D = [ 20— 2=
Vu(Q)Do(0) ( 0~ 0),

where the euclidean norm satisfies

9\ 1/2
(32) ( 220 - <) \/1—|<|2> < (Aa + D0u(<)].
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If X =(z,0,...,0) and @ = ((1 — 2%)/v/n+1,0,...,0) then
2 = (n [SHE X)L —2?)* [SHEEP(A =)t _ o
||SF(X)(CL)|| - ( +1) < (n + 1)2(1 _ :E2)2 + ; (n + 1)2(1 _ 1’2) ) < ’

and using equation (3.2) we obtain that

n+1(A, + 1a
: L F < E :
33)  |SLFCOS +Zs X) ()| < e L)
Because ¢(x) = |u(X)| we have that ¢’ = Re{vw'u} and

" " a 2
pp" > Refu'u} = Re{zs 9 }—i—Re{S L Flo?

However u satisfies the system (2.4) and using equation (3.3) one can conclude

that
" vVn+1(Ay + Da+C(n,a)
A (1 —22)? 7

O

The following lemma establishes the main connection with convexity. By Hess(f)
we denote the hessian operator of a smooth function f relative to the Bergman
metric.

Lemma 3.3. Let F € F,. There exists ag > 0 sufficiently small such that \p is
strictly convex in the Bergman metric of B™ if a < ag. More specifically,

(3.4) Hess(Ar) > 5° Ap gs
for B = B(n,ap) > 0. In particular, \g can have at most one critical point in B".

Proof. The inequality (3.4) entails showing that for each geodesic 7, parameterized
by arc length in the Bergman metric, the function (Ap o )" > 82 Ap. In light of
(3.1) and the fact that F, is linearly invariant, is suffices to show the required
inequality at the origin for the Bergman geodesic v(t) = (z(t),0,...,0), that is,
with z(¢) so that
l’/(t)2 _ (1 B ZL’(t)2)2 .
n+1

Then
d)\_F_d)\pdx d)\pl—:v

dt — dr dt  dr n+1

1 dlu

Because ug # 0 in B”, the previous lemma gives




dt? n+1 dz?
(1 _ m2)—1/2

| [1 - (\/n F1(Ag + Do+ C(n,a))] .
Because C'(n,a) — 0 as @ — 0, and since A, is decreasing in «, we conclude that

(3.5) vn+1(A, + Da+C(n,a) <1
if « is sufficiently small. Then, with
1
B, 0) = —— |1~ (Vi F 1(Aa + Da+ Cln,))|
we obtain that at the origin

d’\ 1—2% [[d?
L x {( |U0|> (1 _ :1:2)1/2 + ‘Uof(l _ x2)3/2}

Y
dt?
as desired. O

Z BZ(na a>)\F )

For small values of «, the quantity 8(n,a)v/n + 1 is always less than 1, but can
be made arbitrarily close to 1 by choosing a small enough. In particular, for given
n, there exists aq sufficiently small so that for all « € [0, ay]

(3.6) % < Bn,a)vVn+1 < 1.
To make this more precise, we observe that
C(n,a) < 6n%a® + 16v/na,
so that, for example,

C(n,a) <

N | —

1
provided that o < o In [7] it is shown that
n

A, <(n+1)|[1+vn+1la+C(n,a),

so that in order to have, say,

vn+1(A,+ 1Da+C(n,a) <

B~ w

Y

it will be necessary to impose a < cn’%, for some constant ¢ independent of n.
Conditions (3.5) and (3.6) will be valid for « satisfying such a bound. In all future
reference, we will consider

N

(3.7) ap < en”
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Let B, = B(0,7) ={z € B" : |z] < s = s(r)} be the ball centered at the origin
of radius r in the Bergman metric, and let u be a solution of (3.1) for which u # 0
on B,. We consider the modified function A, p, defined in B, by

u(2)]
/7 — |22
Together with this, it will be important to study the norm ||SF||p, of the operator
SF relative to the subdomain B,.

AU’BT (Z> =

Lemma 3.4. If z € B(0,r) then

Z B ol < ol < /S22
——|l, < ||lvl| < ] ——]v]],,
1—z]? 1—1z[?
where || - || is the Bergman norm at point z € B,..
Proof. We have that
n+1 - L
ij=1
n+1 — 9 2, (2 2 . _
- (s2 — |2]2)? <Z(3 — [29)vil” + |zivi]” + | Z ‘ZiZjUin
Y i=1 i,j=1,i#£j
n
- (s — |2]2)? ((52 — 2] + |z + - + vanP)
n+1 9
2 WM :

thus (n + 1)jv|> < (s* — |2]?)||v||>. Now, the norm of v in the Bergman metric at
z € B(0,r) with |z| < ris

n+1 o
Jv]|* = m [(1 — |2%])6ij + 2:%;]v:0;
ij=1
n+1 - n o
- (1 — |2]2)2 (Z(l - |Z’2)‘Ui’2 + |Zz’Ui’2 =+ Z z,-zjvivj>
IR ij=1,i%]
n
- (1—z2[2)2 (1 — 2P ol + |z + -+ van]2)
nt+l oz, =P 2/ .2 2
= 1— _ _
e (0 e ol st
n+1 (82 =122, o N s2— |22 .,
pu— 1 _ < D e B )
1= 222 ( o G ER N G [ T e L
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(1 —=)?

n—_HHUH2 — (L= [z

On the other hand, since |z1v; + -+ + 2,0,|* =

we have that

n+1
HUH% (SQ |Z‘2)2 ((52_ ‘Z|2)|U|2—|—‘211)14_,”_’_2”1}”‘2)
n—+1 (1—1z*)?
— o (= P Sl - o - )
n+1 (L=1[2)? 2 2 2 (1—[2)? 2
= s (S e 2 - i) < S2
O
Lemma 3.5. If ||SF|| < « then ||SF||p, < «.
Proof. Using the above lemma a straightforward calculation gives that,
ISF(2)lls, = ”SIFQIIISF(Z)(MU)IIT
voow
= w57 (g )| 1ol
lellr=1 loll ™ [l /1l
1— |2
82_—|Z|2HSF(Z)H||U||2 <a.
O

Lemma 3.6. Let F' € F,, and let u be a solution of (3.1) that does not vanish in
B,. Then A\, p, is convex in the Bergman metric of B,.

Proof. By Lemma 2.1 there exists a locally injective mapping G, possibly with
singularities, for which u = (JG)~/"*! and ||SG|| < ap. By the assumption on u,
G is regular in B, and ||SG||p,. < ap by the previous lemma. Hence the mapping
H(z) = G(rz) is locally biholomorphic in B™ and by invariance, ||SH]|| < «p.
It follows that Ay is convex in B", which implies the lemma because Ay (z) =

peT A, (T2). O

The following definition of the modified density function to sub-balls not centered
at the origin will become clear from the proof of Lemma 3.7. Let B = B(z,7)
be the ball centered at zy € B" of radius r in the Bergman metric, and let u be a
solution of (3.1) with uw # 0 in B. Let o be an automorphism of B" taking B to
B, and z; to the origin. We define the modified density function associated with
w in the ball B by
_ u@)lJo]™

2 —lo(z)?

where, as before, s = s(r) is the euclidean radius of B,.

)\u,B
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Lemma 3.7. Let F' € F,, and let u be a solution of (3.1) that does not vanish in
B = B(z,r). Then A\, g is convex in the Bergman metric of B.

Proof. If we write u = (JG)fn%l for some mapping G holomorphic in B with
[|SG|| < ag, then H = G o 0! becomes holomorphic in B, and

w=(JG) w = (JH(0)) w1 (Jo) w1 = v(o)(Jo) w1,
where v = (JH)_#I. We see that

1
v(o(z u(2)||Jo| 1
N (0(2)) = o) _ Ju@)[lJof=T s (2).
Vst —lo(2)]P /s? —o(2)
Because ||[SH|| = ||SG|| < ao, it follows from Lemma 3.6 that A, p, is convex
in the Bergman metric of B,, and therefore, that )\, p is convex in the Bergman
metric of B. 0

We can now state two main results of this section.

Theorem 3.8. Let F' € F,, and let u be a solution of (3.1) with u(z)) = 1 and
Vu(zg) = 0 for some zg € B". Then u(z) # 0 for all z € B".

Proof. By the linear invariance of the family, we may assume that zp = (0,...,0).
There exists r > 0 such that u # 0 in B,. Let r; be the supremum of such r and
let B = B,,. We claim that r; = co. If not, there exists z; € B" with |z;| = s(rq)
for which u(z;) = 0. By Lemma 3.6, the modified density function A\, p is convex
in B, and because Vu(0) = 0, the origin is an absolute minimum for A, 5 in B.

Hence |
lu(2)| > —+/s* — |z|?
(&

for all z € B. As z — 2z; this last inequality leads to a contradiction because of
the order of vanishing of |u| in comparison with the right hand side. O

Theorem 3.9. If F' € F,, then I is univalent in B".

Proof. Suppose F' is not injective. Then there exist linearly independent solutions
uy, ... uy of (2.4) with P = SFF which vanish at 2o # 2z in B". By linear
invariance, we may take zg = (0,...,0) and z; = (a,0,...,0), 0 < a < 1. The
gradients Vuy(2p), ..., Vuy(29) must be linearly independent, hence some linear
combination u = ajuy + - - - + azu, has Vu(zg) = (1,0,...,0). Let ¥ = {z € B":
u(z) = 0}. Observe that because u is a non-trivial solution of (2.4), then Vu(z)
cannot vanish for z € ¥, hence ¥ is a smooth hypersurface. For z, = (,0,...,0),
0 <b<1,let B(z,7(b)) be the Bergman ball centered at z, that is tangent to X
at the origin zo. It is known that the norm ||SF'|| controls the second fundamental
form of ¥ in the Bergman metric, and at the origin we have the following. Let
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v(t) = (z1(t),. .., z,(t)) be an (euclidean) arclength parametrized line of curvature
of ¥ with v(0) = zo. Since u(y(t)) = 0 we have

Hess(u)(7',7') + Vu-~" =0,

and because v is a line of curvature and Vu(zy) = (1,0,...,0), we have that
7"(0) = (k,0,...,0). It follows that
" d%u
k| =

In light of (2.4) we see that
[kl = |7/ (0)'S'F+/(0)] -

Since |v/(0)| = 1 in the euclidean norm, it follows finally that |k| < (n 4 1)2ay.
Because oy < cn’%, we can ensure, for small ¢, that X is flat enough at the origin
so that the intersection of ¥ and the closure of all balls B(z,7(b)) in a fixed
(small) neighborhood of zy reduces to this point only. For b sufficiently small, then
u # 0 in B(zp,b). Let by be the supremum of all such b. We claim that b; = 1/2,
contradicting the fact that u(z;) = 0. If by < 1/2 then u # 0 in By = B(z,,b1)
but there exists z, € B for which u(z) = 0. By the previous argument, z
is not the origin. We know that )\, p, is convex in the Bergman metric of B,
and again because of the orders of vanishing of |u| at zg, 22 we conclude that
A, (20) = Aup, (22) = 0. But then A\, p, cannot be convex when restricted to
the Bergman geodesic that terminates at zg, 2. This contradiction proves the
theorem. 0J

4. DISTORTION AND CONTINUITY

In this section we will study continuous extension to the boundary of mappings
in the class F,, which are quasiregular in the ball. As a complement to Theorem
3.9, we will show that the extension remains injective in the closed ball, setting up
the stage in the final section for the construction of the homeomorphic extension.
A mapping F € F,, will be said to belong to F; if V(JF)(0) = 0.

Theorem 4.1. Let F' € F, . Then

2

(4.1) [JE(2)] < A=)

where

n+1
v = f}/(n7 O_/O) = 5 <1 — B(TL, Oé())\/’l’L ].> .
If, in addition, F' is quasireqular in B" then there exists C' > 0 such that
C

(4.2) IDF(2)|] < m
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In particular, F(B") is a bounded domain.

Proof. Because A is strictly convex in the Bergman metric with the conditions at
the origin Ap(0) = 1, VAg(0) = 0 it follows from (3.4) that

Ar(z) 2 cosh (5d(0, 2)) ,
where d(0, z) is the Bergman distance

vn+1 1+|z|>\/n+1 1

d(0, z) = 1 1 .
(0,2) 2 B1 T 2 BT
Then (4.1) obtains from the definition of Ag, together with cosh(t) > e’ and
1
(1= [z])[JE |

The estimate (4.2) follows from (4.1) directly if F' is quasiregular in B". Because
1€ (0,1), we deduce the final claim that the image is bounded since the right hand
side in (4.2) is integrable on [0, 1). O

Remarks: Because the right hand side in (4.1) is integrable in the ball, the image
F(B™) has finite volume regardless of quasiregularity.

It is interesting to note that the first part of Theorem 4.1 provides better esti-
mates on the jacobian than those coming from the order of the linearly invariant
family [28].

Corollary 4.2. Let F' € F}, be quasireqular in B". Then F admits a Holder
continuous extension to B,

Proof. The proof follows directly from the estimate (4.2) and Lemma 8.5.4 in [10].
The resulting exponent of Holder continuity is 1 — 1. |

It is natural to inquire about the injectivity of the mapping F' in the closed
ball. To answer this question it will be necessary to establish first an important

geometric property of the image domain. Suppose F' € F,, is not normalized to
have V(JF)(0) = 0. If M is a M&bius transformation of the form

(4.3) M(w) = (L .. L) :

l—a-w’ l1—a-w
where a-w = ajw;y+- - -+ a,w,, then the mapping H = M o F' will satisfy H(0) =0
and DH(0) = Id. By choosing a = (a1, ...,a,) = =27 V(JF)(0) we can achieve
that V(JH)(0) = 0. Because of the invariance under Mobius transformations,
SH = SF, although H will cease to be regular if there are points z € B"™ for which
a- F(z) = 1. We claim, nevertheless, that this cannot occur. The calculation
given in the proof of Lemma 2.1 shows that, at points where a - FI(z) = 1 | one
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would have u = (JH)_#1 = 0. But u = (JH)_%H is a solution of (3.1) with
u(0) = 1, Vu(0) = 0, and therefore, by Theorem 3.8, cannot vanish in B". This
proves our claim. We have concluded that for any mapping F' € F,, there exists
a Mobius transformation M such that H = Mo F' € F;, . In particular, the image
F(B™) does not meet the hyperplane a - w = 1, denoted by H(0). In the case that
H is also quasiregular in B", it will be bounded by Theorem 4.1, which implies
that the closure of F/(B") does not meet H(0).

We define the hyperplane H(zy) for a generic z; € B™ by considering Koebe
transforms. For zy € B" and F € F,, let 0 be an automorphism of B" with
0(0) = 2zp. Then

(4.4) G(2) = Do(0) ' DF(29) " [F(0(2)) — F(z)]
is called a Koebe transform of F. It is normalized to have G(0) = 0, DG(0) = Id,
and has [|SG|| = ||SF|. As we have seen, the composition H = M o G with

w1 Wp,
M =—\...,, —
(w) (1—a-w’ ’1—a-w)

and a = a(z, F) = —77V(JG)(0) produces a critical point for Ay at z = 0.
The hyperplane H(z), omitted by F(B"), will emerge as a consequence of the fact
that the image G(B™) omits the hyperplane a(zg, F') - 2 = 1. To make this precise,
observe that

JG(2) = Jo(0) ' TF(2) ' JF(02)Jo(2),

hence
V(JG), . V(JF) V(Jo)
2@ = Y o) Do) + L0 )
which at the origin gives
v(6)0) = Y () Doo) + YYD ).

If KC(zo) denotes the hyperplane a(zg, F') - w = 1 omitted by G(B"), then we see
that F'(B™) omits the hyperplane given by

(4.5) H(z0) = F(20) + DF(2) Do (0)K (o) -

We remark that, although the automorphism o is unique only up to precompo-
sition with a rotation of the ball, the resulting hyperplane #(zy) only depends on
the point zy and not on the particular choice of automorphism o taking the ori-
gin to zp. We will omit the calculation. Another important property that follows
from derivation of H(z) is that an inversion of F' with respect to this hyperplane
produces a critical point of the resulting convex function at z.
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Because
a(zo, F)
—— c K ,
Ta(e, Y © 120
we see that
B a(zo, F)
E(z0) = F(z0) + DF(29) Do (0) Talzo. I € H(zo),

and hence &(z) is a value omitted by F'(B"™) for every zo € B™. It will be relevant
for the extension in the next section that the hyperplane H(zy) remains disjoint

even from the closure F'(B") when F' is quasiregular.
Remark: When n = 1, then the hyperplanes above reduce to single points and
E(z) becomes
1— 122 f' (2
- 2
2 30— 1P 5 ()
which is the Ahlfors-Weill formula that extends mappings f in the Nehari class.

Lemma 4.3. Let F' € F}, be quasireqular. Then for each zy € B™ the hyperplane
H(z0) is disjoint from the closure F(B").

Proof. Suppose not. By the analysis leading to the definition of H(z), this means
that the hyperplane a - w = 1 is not disjoint from G(B"), where G is the Koebe
transform of F'in (4.4) and a = a(zo, F'). Hence, there exists (, € OB" such that
a-G(G) = 1. Because H € F , then (4.1) implies that

1
JH < ————
THI < T

but at the same time,

JG(2)
(1—-a-G(z)™
The mapping G inherits quasiregularity from F', and so,

JH(z) =

IpGEI 1
1—a-GEF ~ (- D)7

The function ¢(z) = (1 —a - G(z))"# is holomorphic in B and has ()| = oo,
which leads to contradiction since

Vo < DG 1

1—a -G~ A=z
with the right hand side integrable. This finishes the proof. O
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Lemma 4.4. Let F' € F;  be quasireqular, and let {z,} C B" be a sequence with
z2p — ¢ € OB™. Then E(z,) — F(Q).

Proof. We will show that £(z) — F(z) — 0 as |z| — 1, which will prove the lemma
because F' is continuous up to the boundary. To this end we will show that

(4.6) €)= F()ll = 0 (1 = V)

where r = |z| and 5 = (n,«) as in Lemma 3.3. Fix z € B". By rotating F' we
may assume that z = (21,0,...,0). Then

@) l€:) - Fl < IDFEIMPTE,

where we use a(z) for a(z, F). The term |[DF(2)|| is O(|JF(2)|%) because of
quasiregularity. Next,

1 [V(JF)

1
() = ——=VIG)0) = ———= | =2

n+1

(2)Da(0) +

The mapping ¢ may be taken of the form

O(UJ): (wl_'_zl V 1_|21|2w2 \/1_|21’2wn>

1—|—,§1'LU17 1—|-le1 T 1+21w1
hence
1— |,21|2 0 e 0
0 1—=1z12 0
Do(0)=| | et : :
0 0 VA A
and )
(1= |z [?)2tY
Jo(w) = (TN
from which we obtain
V(Jo
SU )(0) =—(n+1)(z,0,...,0)
Then (JF)
1 V({JF
zZ — D
CZ(Z) ('21707 70) Tl-'-l JF (Z) O'(O)
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— [A+ B]Do(0) = (1 — |z[)A+ /1 — |7 ?B,
where A = (a1,0,...,0) and B = (0,bs,...,b,). Then

Do (0)(a(z)) = (1 = [z )*A+ (1 - |2])B.
This leads us to estimate the quantity
(1 —[2]*)*A+ (1 - [z]*)B]]

(1= [z)A+ VT =TaPBl]P

or equivalently,

(L= lzP2llAll+ A= |z)IBIL _ ez +by _ b.y)
(I =z P?[AIP + (1 = [2)B]*  ax?+by? .
where a = b> = (1 — |z1|?)? and z = ||A||,y = ||B||. For a, b,z fixed, the maximal

value of ¢(z,y) when y > 0 occurs when

\/5;1:
=Y~ V1-|n]2, |a]—1,
YT Varvato Al

with corresponding maximal value for ¢ asymptotically equal to

1
P 2/ 1— |z |2z
for |z1] close to 1. The final step requires to find a lower bound for z = || A||, which

will arise as a consequence of (3.4). Indeed, (3.4) together with the critical point
at the origin, imply an exponential growth for Az along the ray [(,0,...,0) in the
Bergman metric. Therefore,

By evaluating at ( = z; we see that

g
— Al > — 2
v =14l > =

which gives

p< VI lal

26
Finally, in (4.7) we see that
/\F(Z)_nT-H

IEG) ~ FIl < CUPG)IFVI=TaP = € 7 s
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)\F(Z)il < efﬂdB(Ovz)
(1=[aP)z = (=)

Y

where dg(0, z) = —V”;’l log if—:il is the Bergman distance to the origin. This finally

gives

1€(z) = F(2)I] < C(1 = | })z0VrH170)

which proves (4.6). O
Theorem 4.5. If ' € F} is quasireqular then F(B") is weakly linearly convez.

Proof. Let F(C) be a boundary point of F'(B"), ( € 0B", and consider the sequence
of points z, = r,( € B” with r,, — 1. The family of hyperplanes H(z,) contains the
sequence of points £(z,) which converge to F'(¢). It follows that some subsequence
of hyperplanes converge to a hyperplane H(() that contains the point F({). The
hyperplane H(¢) must be omitted by F(B") since F(B") N H(z,) = 0 for every
n. 0J

Even though quasiregularity becomes an essential hypothesis for the univalence
on the boundary and for an actual gluing of F(B") with the extension, we can
draw the following corollary.

Corollary 4.6. If F' € F then F'(B") is weakly linearly convex.

Proof. For 0 < r < 1 we consider the mappings F,.(z) = %F (rz). The mappings
F, have V(JF,)(0) = 0, and Lemma 3.5 then shows that F, € F; . Since F,
are quasiregular, we deduce from Theorem 4.5 that the images F'(rB") are weakly

linearly convex, from which the corollary follows. O

We can now state the last result of this section.
Theorem 4.7. Let F' € F}, be quasiregular in B". Then F' is univalent in B~.

Proof. We know that F' extends continuously to the closed ball. Suppose F fails to
be injective in B”. Then there are distinct points (3, € IB™ for which F((;) =
F({) = wy € 09,02 = F(B"). Let H = {ap + aywy + -+ + a,w, = 0} be a
hyperplane of support to 2 at wg, and let T" be the Mobius transformation

w) = e .
g + a1wy + - - - + apwy ap + ajwy + - - + apywy

The mapping G = T o F' is holomorphic in B"™ because of the choice of the hyper-
plane H, but G(¢1), G((2) are the point at infinity. Consider the convex function
A¢ along the (Bergman) geodesic I' joining ¢; and (5. Because of (3.4), then Ag
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will exhibit exponential growth along I' at least in the direction of one of the end-
points, say, in the direction of (;. Then, as in the proof of Theorem 4.1, we will
have

C
|JG(2)| € s
(1—|z[)
along I' in the direction of (7, for some constant C'. But
JF(z
|JG(2)| = [E(2) ca=(ag,...,a,),

and using the quasiregularity of F' we obtain

IDFG) G

lag 4+ a- F(2)["n = (1—|z))n

But the function .

(ap+a- F(z))n

is holomorphic in B™ and tends to infinity at (7, which leads to a contradiction
because

¢(2) =

lallllDFGI G
o+a- P 7 (1-]z)
and the right hand is integrable along I'. This finishes the proof. 0

Vo (2)| < @

o
n

Remark: The same method of proof shows that, under the same assumptions as
in Theorem 4.6, a hyperplane of support at a boundary point of F'(B") can meet
the boundary only at that point.

5. EXTENSIONS

In this section, we collect our previous results to obtain the extension Er to C"
of mappings F' € F,, that are quasiregular in B”. For points z ¢ B~, the extension
will take values in the set of complex hyperplanes, but will remain a homeomor-
phism in the sense that that it assigns in a continuous (even real analytic) fashion
a unique hyperplane for each such z. For z € C" we recall the notation z* = z/|z|?,
and recall the hyperplane defined in (4.5).

Theorem 5.1. Let F' € F; be quasiregular and consider

F(z) , |z <1
H(z*) , |z|>1

Then Er is a homeomorphic extension of F' that glues F(B") to a complementary
domain in the projective dual of C".
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Proof. By Theorem 4.6, we know that F is univalent in B". On the other hand, by
Lemma 4.3, the collection of hyperplanes H(z*), |z| > 1, is disjoint from F(B").
Furthermore, since an inversion of F with respect to H(z*) produces a critical
point of the density function A\r at z*, we see from the strict convexity that such
hyperplanes must be distinct for different z*. This shows that EF is injective. By
the nature of the explicit formula in (4.5), it is clear that the extension in (5.1) is
also continuous (and real analytic).

We comment finally on the location of the hyperplanes H(z*) when |z| > 1 is
very large. To that extent, we use equation (4.5) with z; = z* near the origin.
Simple calculations show that a(zg, F') = O(zp), hence the hyperplane K(zg) given
by a-w =1 is far away from the origin. It follows now from (4.5) that #(z) itself
will also be far away from the origin. O
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